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Abstract 



A graph is 1- extendible if every edge has a 1-f actor containing it. A 1-extendible 
non-bipartite graph G is said to be near bipartite if there exist edges Ci and 62 such 
that G — {61,62} is 1-extendible and bipartite. We characterise the Pfaffian near 
bipartite graphs in terms of forbidden subgraphs. The theorem extends an earher 
characterisation of Pfaffian bipartite graphs. 
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1. Introduction 

The graphs considered in this paper are finite and have no loops or muhiple edges. 
They are also undirected and connected unless an indication to the contrary is given. 
If V and w are vertices in a directed graph, then (t>, w) denotes an edge joining v and 
w and directed from v to w. If G is any graph, then we denote its vertex set by VG 
and its edge set by EG. A 1- factor of G is a subset / of EG such that every vertex 
has a unique edge of / incident on it. 

Let G* be a directed graph with an even number 2n of vertices and let F be the set 
{fly f2, ■ ■ ■ , fk} of 1-f actors of G*. For all i write 

fi = {{Uil, Wii), {Ui2, Wi2), . . . , {Uin, Win)}, 

where Uij,Wij G VG* for all j. Associate with fi a plus sign if 

UiiWiiUi2Wi2 . . . UinWin 

is an even permutation of 

U11W11U12W12 ■ ..UinWin, 

and a minus sign otherwise. Note that the signs of the 1-factors are independent of 
the order in which their edges have been written. They are dependent on the choice of 
/i, but the resulting partition of F into two complementary subsets is not. If G is an 
undirected graph, we say that G is a Pfaffian graph if there exists an orientation such 
that all the 1-factors of G have the same sign. We say that this orientation is a Pfaffian 
orientation of G. Pfaffian orientations have been used by Kasteleyn [Q] to enumerate 
1-factors in planar graphs. In fact his method can be used precisely for those graphs 
that are Pfaffian. It is therefore of interest to know which graphs are Pfaffian, but this 
question is open. 

Pfaffian bipartite graphs have been characterised by Little 0], who proved the fol- 
lowing theorem. 

Theorem 1. A bipartite graph G is non-Pfaffian if and only if it contains an even 
subdivision J of K^^ such that G — VJ has a 1-f actor. 

Here we need to explain the term 'even subdivision'. An edge subdivision of a graph 
G is defined as a graph obtained from G by replacing an edge joining vertices v and w 
with a path P joining v and w but having no other vertices in common with G. The 
edge subdivision is even if P has odd length. A graph if is a subdivision of G if for 
some positive integer k there exist graphs Gq, Gi, . . . ,Gk such that Gq = G, Gk = H 
and, for all i > 0, Gi is an edge subdivision of Gi-i. If Gi, G2, . . . ,Gk can be chosen 
so that in addition Gi is an even edge subdivision of Gj_i for all i > 0, then H is said 
to be an even subdivision of G. It is easy to see that G is Pfaffian if and only if H is 
Pfaffian. A more general result is proved in Lemma |^. 

At this point it is worth mentioning that Robertson, Seymour and Thomas have 
recently found a polynomial-time algorithm which decides whether a bipartite graph 
is Pfaffian or not. 

A graph is 1- extendible if every edge has a 1-factor containing it. Such graphs are 
the only graphs of interest in the study of the Pfaffian property, as any edge belonging 
to no 1-factor is irrelevant. A 1-extendible non-bipartite graph G is said to be near 



5 



bipartite if there exist edges ei, 62 such that G — {ei, 62} is 1-extendible and bipartite. 
If G were a 1-extendible graph and G — {e} were bipartite for some edge e, then G 
would also be bipartite. This observation explains why we remove two edges from G, 
rather than one, in the definition of a near bipartite graph. The aim of the present 
paper is to extend Theorem |l] to a characterisation of Pfaffian near bipartite graphs in 
terms of forbidden subgraphs. 

In the statement of our main theorem below, Fi and r2 refer to the graphs drawn 
in Figures ^ and ^ respectively, where the arrows are to be ignored. Both graphs are 
near bipartite, since Fi — {(/,/), (i, c)} and F2 — {(/, e), (i, j)} are 1-extendible and 
bipartite. Note that F2 may be obtained from the Petersen graph by subdividing two 
fixed edges at a maximum distance apart and then joining the vertices of degree 2 by 
an edge. These graphs, like can easily be shown to be non-Pfaffian. Indeed, each 
graph in Figures is accompanied by a set S of 1-factors such that each edge belongs 
to just two members of S and S contains an odd number of 1-factors of each kind of 
sign under the given orientation. The former property of 5* implies that the latter is 
still valid if we change the orientation of a single edge. Therefore the latter property 
of 5* is independent of the orientation and consequently the graphs cannot be Pfaffian. 

It follows that no even subdivision of these graphs is Pfaffian. It is shown in Q 
that a graph G is non-Pfaffian if it has a circuit X, of odd length, such that the graph 
obtained from G by contracting X to a vertex is non-Pfaffian. In general, let us say 
that a graph G is simply reducible to a graph H if G has a circuit X, of odd length, 
such that H is obtained from G by contracting X. More generally, we say that G is 
reducible to a graph H if for some positive integer k there exist graphs Go, Gi, . . . ,Gk 
such that Go = G, Gk = H and, for all i > 0, Gi-i is simply reducible to Gi. Thus 
any graph that is reducible to an even subdivision of -^"3,3, Fi or F2 is non-Pfaffian. 
In fact, a graph G must be non-Pfaffian if it has a subgraph J that is reducible to an 
even subdivision of -^"3,3, Fi or F2 and has the property that G — V J has a 1-factor. 
The purpose of this paper is to show that the converse of this statement holds for near 
bipartite graphs. 

Theorem 2. A near bipartite graph G is non-Pfaffian if and only if G contains a 
subgraph J, reducible to an even subdivision of Fi or F2, such that G — VJ has 
a 1-factor. 

Definitions and Notation. The following definitions and notation are fundamental 
for this paper. Circuits, non-empty paths and, more generally, subgraphs with no 
isolated vertices are determined by their edge sets, and are therefore identified with 
them in this paper. If X is a path or circuit in a graph G, then we denote by VX 
the set of vertices of X. If P is a path and u,v E VP, then we denote by P[u,v] 
the subpath of P joining u to v. If P[u,v] is directed from u to v, then we also write 
P{u,v) = P[u,v]. If C is a circuit which includes a unique directed path from vertex u 
to vertex v, then that path is denoted by C{u, v). From time to time we may perform 
a reorientation of G, that is to say we change the orientation of every oriented edge 
in G. This directed path is then denoted by C{v,u), or by P{v,u) if it is included in 
another path P. 
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a,b){c,d){e,f) + 

a,b){c,f){e,d) - 

a,d){c,f){e,b) + 

a,d){c,b){e,f) - 

a,f){c,b){e,d) + 

aj){c,d){e,b) - 



d 



Figure 1. The graph K^^^s. 




{a,b){c,d){e,f){g,h){i,j){k,l) + 

{kc){d,e){f,g){h,z){j,k){La) - 

{d,a){j,e){b,c){f,g){h,i){k,l) + 

{b, g) {h, k) (c, d) (e, /) (i, a) - 

{t,c){f,l){a,b){d,e){g,h){j,k) + 

{d,a){b,g)ii,c)ij,e)ih,k){f,l) - 



Figure 2. The graph Fi. 

A circuit is alternating with respect to each of two given 1-factors if it is inchided in 
their symmetric difference. A circuit that is alternating with respect to a 1-factor / is 
also said to be f -alternating, or consanguineous (with respect to /). Note that a graph 
with more than one edge is 1-extendible if and only if every edge has an alternating 
circuit containing it. A path P is alternating if every internal vertex of P is incident 
with an edge of P fl /. An ear is a path of odd cardinality. 

Let A and B be sets of edges in a graph G. Then an AB-arc is a non-empty maximal 
subpath oi An B, and an AB-arc (or a BA-arc) is a non-empty maximal subpath of 
A — B. A GS-arc is also called a B-oxc. 
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{a,b){c,d){f,e){h,g){z,j){k,l) + 

(6, c) {d, e) {g, f) {i, h) (j, k) {I, a) - 

{e,l){a,b){c,d){g,f){i,h){j,k) + 

{h, d) {k, g) {b, c) (/, e) {i, j) {l,a) - 

{a,i){fMc,jMe){h,g){k,l) + 

(a, i) if, b) (c, i) (h, d) (e, /) (A;, g) - 



g 



h 



Figure 3. The graph T2. 



2-Ear Theorem. Next, let A be an alternating circuit in G and let i7 be a subgraph 
of G. If there are n Aif-arcs, and each is an ear, then we say that G[EHUA\ is obtained 
from H by an n-ear adjunction. An ear decomposition of a 1-extendible graph G is 
a sequence Go,Gi, . . . ,Gt of 1-extendible subgraphs of G such that Go is isomorphic 
to K2, Gt = G and, for each i > 0, Gi is obtained from Gj-i by a 1-ear or 2-ear 
adjunction. A theorem of Lovasz and Plummer Theorem 5.4.6] asserts that every 
1-extendible graph has an ear decomposition. It can be stated as follows. 

Theorem 3. Let f be a 1-factor in a 1-extendible graph G. Let H be a 1-extendible 
proper subgraph of G such that EH 7^ and f fl EH is a 1-factor of H. Then G 
contains an f -alternating circuit A that admits just one or two AH-arcs. 

In fact if G is bipartite then it can be shown that only 1-ear adjunctions are necessary. 

The idea behind the proof of Theorem |l| runs as follows. Clearly we may assume that 
G is 1-extendible. Suppose that G is non-Pfaffian. We construct an ear decomposition 
Go, Gi, ... ,Gt of G. Since G is bipartite, we may assume that, for each i > 0, Gi is 
obtained from by the adjunction of a single ear. As Gq is Pfaffian but G is not, 
there exists a smallest positive integer j such that Gj is non-Pfaffian. The graph Gj is 
studied in detail and eventually shown to contain J. 

Theorem ^ provides a possible way to generalise this argument. If we drop the 
assumption that G is bipartite then, for each i, Gi is obtained from Gj-i by the 
adjunction of one or two ears. In this paper we consider the case where is bipartite 
and Gj is obtained from by a 2-ear adjunction. 

Idea behind the proof of Theorem |^. We use alternating circuits in preference 
to 1-factors. Kasteleyn has shown that the 1-factors of a directed graph all have 
equal sign if and only if all the alternating circuits are clockwise odd. (The clockwise 
parity of a circuit of even length is the parity of the number of its edges that are 
directed in agreement with a specified sense.) Let G be a near bipartite graph which 
is minimal with respect to the property of being non-Pfaffian. Let ei and 62 be edges 
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of G such that G — {ei, 62} is bipartite and 1-extendible. By minimahty G — {ei, 62} 
has a Pfaffian orientation. Extend this orientation to an orientation of G by orienting 
ei and 62 arbitrarily. Since G is non-Pfaffian, there exist two ahernating circuits A 
and B of opposite clockwise parity. In Theorem |^ we construct alternating circuits in 
G — {61,62} whose union is EG — {61,62} and whose sum (symmetric difference) is 
A + B. This construction is used to generate all the non-Pfaffian near bipartite graphs. 
The list of non-Pfaffian near bipartite graphs so constructed is infinite. In Sections 3 
and 4 we are then able to reduce this list to a finite list by invoking the minimality of 

G. In Section 5 we finally show that every graph in this list can be obtained from -f^a^s, 
Fi or r2 by means of the operations of reduction and even subdivision. In Section 6 
we demonstrate that neither Fi nor F2 is reducible to an even subdivision of K^ ^. 

2. A STRUCTURE THEOREM OF MINIMAL NON-PFAFFIAN NEAR BIPARTITE GRAPHS 

In this section we establish that a minimal non-Pfaffian near bipartite graph is the 
union of two alternating circuits A and B and two additional paths S and T. Let 
G be a near bipartite graph. We may assume that G is minimal with respect to the 
property of being non-Pfaffian. To see this point, suppose that G has an edge e such 
that G — {e} is non-Pfaffian and has a subgraph J, reducible to an even subdivision of 
-K^3,3, Fi or F2, such that {G — {e}) — VJ has a 1-factor /. Then / is also a 1-factor of 
G — VJ, and so Theorem ^ holds also for G. 

A set 5* of alternating circuits in a directed graph H is called intractable if the sum 
of the circuits in S is empty and an odd number of the members of S are clockwise 
even. The former property implies that the latter is independent of the orientation of 

H. (See Lemma 1^.) The following lemma is proved in 

Lemma 1. A graph is Pfaffian if and only if it has no intractable set of alternating 
circuits. 

From this result we show that we can assume there to be no vertices of degree 2 in 

G. 

Lemma 2. Let v be a vertex of degree 2 in G, and let G' be the graph obtained from G 
by contracting the edges incident on v. Then G is Pfaffian if and only if G' is Pfaffian. 

Proof. Let a and h be the edges of G incident on v, and let u and w be the vertices 
adjacent to v. 

Suppose there is an intractable set S of alternating circuits in G. Then the intersec- 
tions of the circuits in S with EG — {a, 6} yield an intractable set in G' . Conversely, let 
S' be an intractable set of alternating circuits in G' . Let v' be the vertex in G' obtained 
by identifying u and w in G. Choose C' G S' . If v' ^ VG' , or the edges of G' incident 
on v' in G' are both incident on u in G or both incident on w in G, then let G = G'; 
otherwise let G = G' U {a, b}. The set S of such circuits G forms an intractable set in 
G. (Note that the sum of the circuits in 5* is a subset of {a, b} and therefore empty as 
it must be a cycle.) □ 

Let G be a graph with a vertex of degree 2 and let G' be the graph obtained from 
G by contracting the edges incident on it. Suppose that in G' there is a subgraph J, 
reducible to an even subdivision of K^^^jTi or F2, such that G' — VJ has a 1-factor. 
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Then the same is true for G, for -f^s^s, Fi and r2 are cubic and so the converse of the 
reduction in the lemma gives an even subdivision of each of those graphs. Therefore 
we can assume that G has no vertex of degree 2. 

Since G is near bipartite, it is 1-extendible. Moreover there exist edges ei and 62 
such that G — {ei, 62} is bipartite and 1-extendible. We call this graph if, and fix a 
1-factor / of H . Note that G — {ei} is non-bipartite, for otherwise, since G is non- 
bipartite, every circuit containing ei would be of odd length, in contradiction to the 
fact that G has an alternating circuit containing ei. Similarly G — {62} is non-bipartite. 
Consequently any alternating circuit containing one of ei and 62 must also contain the 
other. 

Note that H is Pfaffian, by the minimality of G. Extend a Pfaffian orientation of 
H to an orientation of G by orienting ei and 62 arbitrarily. We shall henceforth refer 
to this orientation as our extended Pfaffian orientation of G. As G is non-Pfaffian, 
it contains a clockwise even alternating circuit A. This circuit must contain ei and 
62. There must also be a clockwise odd alternating circuit B containing ei and 62, for 
otherwise a Pfaffian orientation for G could be constructed by reorienting ei or 62. The 
following lemma, which is proved in [Q, gives information about how A and B can be 
chosen. 

Lemma 3. Let f he a 1-factor in a 1-extendible directed graph G. Let A and B be f- 
alternating circuits in G, of opposite clockwise parity, containing distinct independent 
edges ci and 62 such that ei ^ / and 62 ^ /. Suppose that G — {ei} and G — {62} are 
not bipartite but that G — {ei, 62} is. Then AU B includes alternating circuits X and 
Y , of opposite clockwise parity and consanguineous with respect to some 1-factor that 
contains neither ci nor 62, such that there are just one or two XY-arcs, each XY-arc 
contains Ci or 62 and their union contains both. 

Thus A and B can be chosen so that there are at most two AB-arcs. In IQ the 
case where there is a unique AB-a.Tc has been dealt with. We obtained the following 
theorem. 

Theorem 4. Let G be a 1-extendible graph with 1-factor f . Let ci and 62 be distinct 
independent edges of EG — f such that neither G — {ci} nor G — {62} is bipartite but 
G — {61,62} is bipartite, Pfaffian and 1-extendible. Suppose there exist f -alternating 
circuits A and B, both containing 61 and 62, such that there is a unique AB-arc and 
A and B have opposite clockwise parity under a Pfaffian orientation of G — {61,62}. 
Then G has a subgraph J, reducible to an even subdivision of K^^s, such that G — V J 
has a 1-factor. 

In the present paper, we deal with the remaining case, where for every choice of A 
and B there are at least two AB-aics. Henceforth we assume that A and B are chosen 
so that there are exactly two AB-aics, and therefore exactly two AB-axcs and exactly 
two AB-aics. By Lemma ^ it may be assumed that one of the AB-aics contains 61 
and the other 62. Let the former arc join vertices xi and X2 and the latter vertices 
yi and ?/2- Let 61 join vertices ui and U2 and let 62 join vertices vi and V2. Define 
A* = A — {ci}, and adjust the notation so that the vertices Ui, xi, yi, Vi, V2, 2/2, X2, 
U2 appear in that order as A* is traversed from ui to U2- 




Figure 4. A homeomorph of G[A U B]. 

Lemma 4. One of the AB-arcs joins X2 to yi and the other xi to 1/2 ■ 

Proof: Suppose the contrary. Note that the edges of / incident on xi, X2, yi and 
y2, respectively, belong to U A*[m2,X2] U A*[y2,yi], since Ci and 62 belong to 

AB-a.Tcs. If an AB-arc X were to join yi to y2 then we should have the contradiction 
that the circuit A*[yi,y2] U X would be of even length yet contain 62 but not ei. On 
the other hand, suppose that an AB-arc Y were to join xi to yi. Let 

C = YUA*[xi, m] U {ei} U A* [u2, yi] . 

This circuit, an /-alternating circuit containing ei and 62, would have opposite clock- 
wise parity from either A or B. Since there would be a unique AC-aic and a unique 
BC-aic, we should have a contradiction to the assumption that there is no choice for 
A and B that gives a unique AB-arc. □ 

The graph (^[A U 5] is an even subdivision of that shown in Figure |[ The edges of 
/ are thickened in this and subsequent figures, and in all subsequent figures the graph 
in question is an even subdivision of the one portrayed. 

For a bipartite graph K with bipartition {M, A^} and 1-factor / there exists an orien- 
tation in which the directed paths and directed circuits are precisely the /-alternating 
paths and /-alternating circuits respectively: orient the edges of / from M to and 
the remaining edges from A^ to M. Then every vertex has indegree 1 or outdegree 
1, and every edge joins a vertex of indegree 1 to a vertex of outdegree 1. It follows 
that directed paths with an internal vertex in common meet in an edge incident on 
the vertex. We call this orientation the reference orientation for K with respect to 
{M,N,f). Fix such an orientation for H so that y4*[Mi,t;i] is directed from ui to vi. 
We refer to this orientation as our reference orientation for H. It follows that B H EH 
includes a directed path from ui to V2 and another from U2 to Vi, and that y4*[M2,f2] 
is directed from U2 to V2. The orientation is also indicated in Figure ^ Henceforth the 
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62 




Figure 5. AuBuSuT 

orientation associated with H will be our reference orientation unless an indication to 
the contrary is given. 

Let /' be another 1-factor of K. It is shown in that the reference orientation for 
K with respect to (M, A^, /') is obtained from the reference orientation with respect 
to (M, A^, /) by reorienting the circuits included in / + /'. This fact is used implicitly 
later on to justify reorientations of /-alternating circuits. 

The following lemma is a standard result. (See 0.) 

Lemma 5. Let G be a directed graph such that each edge has a directed circuit con- 
taining it. Then for every a,b & VG, there exists a directed path from a to b. 

We may apply this lemma to H, since every edge of the 1-extendible graph H must 
belong to a directed circuit. Thus there is a directed path S from yi to Xi and a 
directed path T from 7/2 to X2. (See Figure a dotted line in this and subsequent 
figures stands for a directed path, which can have intersections with the rest of the 
graph that are not indicated.) We now aim to show that EG = y4U-BU5'UTin 
Theorem |^. To this end we introduce the following three lemmas. 

Lemma 6. Let (ai, 02, ... , an) be a sequence of edges in a directed graph G in which 
each vertex has indegree 1 or outdegree 1. Suppose that for all i > 1 the origin of ai is 
the terminus of ai-i and that the origin of ai has outdegree 1 and the terminus of a.^ 
has indgree 1 . Then there exist a directed path P from the origin of ai to the terminus 
of ttn and directed circuits Ci, C2, . . . , such that 



n k 
1=1 i=l 
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and 

k 

Pu[JCi = {ai,a2,...,a„}. 

1=1 

Proof. We use induction on the number r of repetitions of edges in the sequence 
L = (ai, 02, ... , ttn). If r = then P = {ai, a2, ■ ■ ■ , an} and k = 0, since each vertex 
has indegree 1 or outdegree 1, the origin of ai has outdegree 1 and the terminus of 
a„ has indegree 1. Now suppose that r > and that the lemma holds whenever the 
number of repetitions of edges is less than r. Let a be the edge in L that is repeated 
first. The part of L between the first two occurrences of a has no edges repeated within 
it. Therefore a and the edges between the first two occurrences of a form a directed 
circuit C. We now modify L by removing all the edges from the first occurrence of 
a to the edge immediately before the second occurrence of a. This modified sequence 
) has fewer repetitions of edges. Moreover the origin of a[ is that of 
ai, the terminus of a'^ is that of a„, and for alH > 1 the origin of a- is the terminus of 
a[_i. Therefore the inductive hypothesis may be applied to L', and the result follows 
from the equation 

n m 
i=l i=l 

□ 

Lemma 7. Let H he a directed graph, let P he a directed path from vertex x to vertex y 
and let Q he a directed path from y to x. Then there are directed circuits Ci, C2, . . . ,Ck 
such that 

k 

Y,C^ = P + Q 

1=1 

and 

k 

\ja = puQ. 

1=1 

Proof We use induction on n = \VP fl VQ\ > 2. If n = 2, then {P U Q} is the 
required set of directed circuits. 

Let n > 2 and suppose the lemma holds whenever |yPn VQ\ < n. Let b be the last 
vertex of VQ — {x} that is in VP, and let a be the last vertex of VQ incident with an 
edge of Q{y, h) — P. (See Figure ||.) By the inductive hypothesis there exist circuits 
Ci, C2, . . . , Ck-i such that 

k-l 

J]a = P(a,i/) + g(i/,a). 

i=l 

The required set of circuits is 



{Ci,C2, . . . ,Cu-i,P{x,h)U Q{h,x)}, 
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Figure 6. P 



and Q in Lemma 0. 



smce 



P{a,y) + Q{y,a) 
P{a,y) +Q{y,a) 
P{a, y) +Q{y,a) 
P{x, a) + P{a, y) 
P + Q 



+ {P{x,b)UQ{b,x)) 

+ P{x,b)+Q{b,x) 

+ P{x,a) + P{a,b) + Q{b,x) 

+ Q{y,a)+Q{a,b)+Qib,x) 



as P{a, b) = Q{a, b). 



□ 



Lemma 8. Let C be a set of circuits of even length and empty sum in a directed graph 
G. Then the parity of the number of clockwise even members of C is independent of 
the orientation of G. 

Proof. A change of orientation can be effected by changing orientations of edges one 
at a time. Each such change leaves unaltered the parity of the number of clockwise 
even circuits in C □ 

Theorem 5. Let G be a minimal non-Pfaffian near bipartite graph. Let Ci and 62 be 
edges such that G — {ci, 62} is bipartite and 1-extendible. Let H = G — {ci, 62}, and let 
f be a 1-f actor of H. Let A and B be f -alternating circuits in G of opposite clockwise 
parity. Suppose that there are exactly two AB-arcs, one containing ci and the other 
62. Let the former arc join vertices xi and X2 and the latter vertices yi and y2. Let 
A* = A — {ci}, and suppose the vertices xi, yi, y2, X2 appear in that order when A* 
is traced from xi to X2 • Let H be given its reference orientation with respect to f such 
that A*[xi,yi\ is a directed path from xi to yi. Let S' be a directed path from y^ to xj 
and T' a directed path from y3_i to x^^j, where i,j G {1,2}. Then G is induced by 

Au Bu s'ur. 

Proof Without loss of generality we take i = j = 1. We first show, by using 
Lemmas ^ and ^, that we can write A + B a.s a sum of directed circuits included in 
Au B U S' U T' . In order to verify this claim, first we apply Lemma |^ to the directed 
paths A{xi,yi) and S'. Let 




(1) 



where V is a set of directed circuits included in A{xi, yi) U 5". Similarly let 



A{x2,y2)+T'= J2 



(2) 
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where W is a set of directed circuits included in A{x2,y2) U T'. Now consider the 
sequence L of edges formed by the edges in the directed path S' followed by those in 
the directed path _B(xi, 7/2)- We apply Lemma ^ to L to write 

S' + Bixi,y2) = P+J2x, (3) 

where P is a directed path from yi to y2 included in S' U B{xi,y2) and A" is a set of 
directed circuits included in S' U B{xi,y2)- Similarly we have 

T' + B{x2,yi) = Q+J2^^ (4) 

Yey 

where Q is a directed path from y2 to yi included in T' U B{x2,yi) and 3^ is a set of 
directed circuits included in T' U B{x2,yi). Now we apply Lemma to P and Q to 
obtain 

P + Q=J2Z, (5) 

where 2^ is a set of directed circuits included in P U Q. Let C = V + yV + X + y + Z. 
Adding equations we obtain 

A{xi,yi) + A{x2, y2) + P(xi, 1/2) + B{x2, yi) 

CdC 

Since the left hand side is A + P, C is the required set of circuits. 

In our extended Pfaffian orientation of G, A is the only clockwise even circuit in 
C U {A,P}. Therefore by Lemma |^ an odd number of circuits in C U {A, P} are 
clockwise even for any orientation of G. But if there were a Pfaffian orientation of 
G[A U P U Ucec ^] then every circuit in C U {A, P} would be clockwise odd because 
they are /-alternating. Therefore the graph G[AVJ BU IJcec ^\ non-Pfaffian, and so 
G[AVJ B U S' UT'] is non-Pfaffian. By the minimality of G, we deduce that 

G[v4 U P U 5' U T'] = G. 

□ 

Applying this theorem to S and T we find that G = G[A U B U S U T]. In fact we 
chose S and T to satisfy the following definition. 

Definition 1. Let i,j G {1,2} and let P be a directed path from yi to Xj under our 
reference orientation. We say that P is minimal if for every edge e E P — {AU B) 
there is no directed path from y^ to Xj included in {AU B U P) ~ {e}. 

It is clear that S and T may be assumed to be minimal. 

Let P be a directed path from vertex x to vertex y. Let Pi and P2 be disjoint 
subpaths of P such that each edge of Pi is closer to x in P than is any edge of P2. 
In this case we write Pi <p P2. If Pi = {ai} and P2 = {02}, then we write ai <p 02 
instead of {ai} <p {02}. A similar notation is used for vertices in P. 
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Figure 7. A directed minimal path P from yi to xj. 

The next lemma is obvious. 

Lemma 9. Let u and v be vertices in G[A U B]. Under our reference orientation for 
H there exists at most one directed path in G[AU B] from u to v. 

This lemma is used in the proof of the following lemma. 

Lemma 10. (a) Let Q he a minimal directed path from yi to xj and let P be a directed 
path included in AU B. Let Qi and Q2 be distinct QP-arcs. Then Qi <q Q2 if and 
only if Q2 <p Qi- ( See Figure ^.) 

(b) Conversely let Q' be a directed path from yi to Xj. If for every directed path P' in 
AU B and every pair of distinct Q' P' -arcs Q\ and Q'2 we have Q[ <qi Q'^ if and only 
if Q2 <p' Q'l, then Q' is minimal. 

Proof, (a) It suffices to show that if Qi <q Q2 then Q2 <p Qi- Assume the contrary, 
that is Qi <Q Q2 and Qi <p Q2- Let a be the terminus of Qi and h the origin of Q2- 
By assumption P{a,b) and Q{a,b) exist, but it are not equal. By Lemma |^ there is 
an edge e G Q{a, b) — {AU B). The set Q{yi, a) U P(a, b) U Q{b, Xj) includes a directed 
path from yi to Xj. This path is included in {AU B U Q) — {e}, in contradiction to the 
minimality of Q. 

(b) Conversely, assume that Q' is not minimal. Choose e G Q' — {AU B) so that there 
exists a directed path Q from yi to xj in {AU B U Q') — {e}. Let u be the last vertex 
in Q that is also in Q' and satisfies Q{yi,u) = Q'{yi,u). Let v be the first vertex in 
VQ{u, Xj) — {u} that is also in Q'. Then u <q v, u <qi v and Q{u^ v)f\Q' = 0. Hence 
Q{u, v) ^ AU B and so Q{u, v) is included in a maximal directed path P' included in 
AU B such that u <pi v. Let Q'^ be the Q'P'-aic that includes u and the Q'P'-aic 
that includes v. Then Q'l and are distinct, Q\ <qi but Q\ <pi Q^. □ 

3. Forbidden A u 5- arcs 

In this section we rule out certain directed A U 5-arcs. For that purpose we need 
the following technical lemma. 

Lemma 11. Let P be a directed A U B-arc. Then there exist i,j G {1, 2} such that P 
is included in a minimal path Q directed from yi to Xj . 
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Proof. If SnT = then S and T are vertex disjoint and, since PC (SUT) — (AUB) 
by Theorem ^, it follows that P C S* or P C T. Assume therefore that 5 fl T 7^ 0. Let 
a and 6 be, respectively, the first and last vertices of T that are also in S. It follows 
from Theorem |^ that 

G = G[AUBUSUT{y2,a)UT{b,X2)], (6) 
as there exists a directed path from 1/2 to X2 included in 

T{y2,a) U S{a,xi) U A{xi,yi) U ^(yi,^) UT(6,X2). 

We observe from (P) that any vertex of degree 3 and not in VA U VB must be either 
a or b. It follows that if either a or 6 were not an internal vertex of P, then P would 
be included in S or T, since the edges of / incident on a or 6 are in S HT. In this case 
we could choose Q to be 5" or T. We therefore assume that a and b are the internal 
vertices of P, since G has no vertices of degree 2. 

Let u and v be, respectively, the origin and terminus of P. If 6 <p a, then P{u, b) U 
P(a, v) C S* n T, and so P C S* or P C T according to whether P(6, a) C or 
P{b,a) C T. Therefore we can assume that a <p b. Then S{a,b) = T{a,b). Moreover 
P{u,a) is included in S or T, and similarly for P{b,v). Without loss of generality we 
assume that P(m, a) C S. If P(6, f ) C S, then we take Q = S. Suppose therefore that 
P{b, v) C T. In this case, we take Q = S{yi, b) U T(6, 0:2) • 

It remains to show that Q is minimal. Suppose not. Then there exists e G Q — (^UP) 
such that there is a directed path Q' from j/i to X2 included in (A U P U Q) — {e}. 
Define R = T{y2, b) U S{b, Xi). Then by Theorem | we have G = G[AU B U RU Q']. If 
e G 5'(?/i, a)UT(6, X2) then we have the contradiction that e ^ A\JBVJR\JQ' . Therefore 
we suppose that e G Q{a,b). Then P fl Q' = 0, and we have the contradiction that 

{S{u, a) U r(6, v))n{AUBURUQ') = 0. 

□ 

The next lemma appeared in [Q. 

Lemma 12. Le^ Ai, A2 be f -alternating circuits in a directed graph G with 1-factor 
f . Then Ai and A2 are of opposite clockwise parity if and only if Ai + A2 includes an 
odd number of clockwise even alternating circuits. 

Corollary 1. The sum A + B is a clockwise even circuit under our extended Pfaffian 
orientation. 

Proof. Note that 

A + B = A{xi,yi) U B{x2, yi) U A{x2, z/2) U B{xi, 1/2), 

which is a circuit. Since A and B are of opposite clockwise parity, the result follows 



from Lemma 12. □ 



Lemma 13. Let P be a directed path included in AUB such that no internal vertex of 
P is in {xi, X2, yi,y2}- Then there does not exist a directed A U B-arc joining vertices 
m VP. 
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Proof: Suppose there exists a directed A U B-arc Q from x G VP to y G VP. Then, 
by Lemma [TT], for some i,j G {1, 2} there exists a directed minimal path Z from yi to 

that includes Q. By Lemma |^ we may choose a directed path W from ?/3_j to X3_j; 
thus G = G[AUBUZUW]hy Theorem g There exist a -arc Pi with terminus x 
and a ZP-arc P2 7^ Pi with origin y. Let 2:1 be the origin of Pi and Z2 the terminus of 
P2. (See Figure ||.) Since x <z y we have Pi <z P2, so that P2 <p Pi by Lemma |10. 
Therefore Z2 <p Zi. 

Let C be the circuit Q U P(?/, x). First we show that we may assume there to be at 
most one CH^-arc. Suppose there are two such arcs, Wi and W2, where Wi <w W^2- 
Let a be the terminus of Wi and h the origin of W2. Let W* be a directed path from 
?/3_i to X3_j included in 

iy(l/3-„ a) U C(a, 6) U 1^(6, x^.j). 

The number of Ciy*-arcs is less than the number of CW-aics. By repeating the 
argument if necessary and appealing to the finiteness of G, we may therefore assume 
that there is at most one CW-aic. If such an arc exists, let its origin be wi and its 
terminus W2- (See Figure |.) We also note that there is a unique CZ-arc, by the 
minimality of Z. 

Let /' be the 1-factor f + C, and let A' = A + C, B' = B + C, Z' = Z + C and 
W' = W + C. Now we show that 

G = G[A'UB'UZ'UW']. (7) 



By Lemma |T^, A' and B' are /'-alternating circuits containing ei and 62 of opposite 
clockwise parity, since A and B are of opposite clockwise parity and A' + B' = A + B . 
Moreover there are exactly two A'B'-axcs and the vertices of degree 3 in G[A' U B'] are 
the same as those in G[A U P], since 

{xi, X2, yi, y2} n {VG - {x, y}) = 0. 

In addition Z' would become a directed path from yi to Xj if G were reoriented, and 
a similar statement holds for W. Thus (|^) holds, by Theorem ^ with /, A and B 
replaced by /', A' and B' respectively. 
Now we observe that 

{A'UB')nP{y,x) = 

since 

{xi, X2, yi, y2} n {VP - {x, y}) = 0. 

Note that 

Z' = Z{yi, zi) U P{z2, zi) U Z{z2, Xj). 

Therefore 

Z' n (Pi U P2) = 0. 

Thus {A' UB'U Z') n (Pi U P2) = 0, and so Pi U P2 C W by (0). We deduce that Wi 
and W2 exist. 

Next we show that either wi,W2 G V^-P(-22, -^i) and Z2 <p wi <p W2 <p zi, or 
wi,W2 G VQ and wi <q W2- First, 

W^' = Vr(2/3-i, wi) U C(m;2, Wi) U W{w2, X3-,). 
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Hence 

P1UP2 C C{W2,WI), 

and the desired conclusion follows. 

Case 1: Suppose first that Wi,W2 £ VP{z2,Zi) and Z2 <p wi <p W2 <p zi. After 
reorientation of C, let X be a directed path from yi to Xs-j included in 

Z{yi, zi) U C{zi, W2) U W{w2, xs^j) 

and let K be a directed path from y^^i to xj included in 

W{y3^i, wi) U C{wi, Z2) U Z{z2, Xj). 

Thus G = G[A' U B' U X UY]. We now have the contradiction that 

(Pi U C{W2, wi) U P2) n (A' U P' U X U F) = 0. 

Case ^: Suppose on the other hand that 1^1,^2 € VQ and wi <q W2. Without loss 
of generality we may assume that P is a maximal directed path in A U P such that no 
internal vertex is in {xi,X2,yi,y2}- Let P be directed from vertex u to vertex v. Thus 
u G {ui, U2, xi, X2, yi, 1/2} and v G {xi, X2, yi, 2/2, ^i, '^2}- 

First we show that u ^ yi. If u = yt then we observe that there is a directed path 
Z* from yi to Xj included in P(u, 2:2) U Z{z2,Xj). Therefore 

{AUBUZ*UW)n {C{x, wi) U C{w2, y)) = 0. 

By Theorem |^ we have the contradiction that G = G[A U B U Z* U W]. Thus u ^ yi. 
A similar argument, with Z* included in Z{yi,zi) U P{zi,v), shows that v 7^ Xj. 

Next we show that u 7^ ys-i. Otherwise we define W* to be a directed path from 
l/3_j to X3_j included in 

P(m, x) U G{x, W2) U W{w2, xs-j). 

The union AU B U Z U W* does not contain the edge of W — Q incident on wi. This 
result contradicts Theorem ^ since G = G[AU B U Z U W*]. Thus u 7^ ya-i- A similar 
argument, with W* included in 

Wiys-i,Wi)UGiwi,y)UPiy,v), 

shows that v 7^ x^-j. 

Now we show that u 7^ x^-j. Otherwise we define Z* as a directed path from yi to 
included in 

Z{yi, W2) U W{w2, u) U P(u, ^2) U Z{z2, Xj). 

Then 

(v4 u p u u ly) n C{w2, y) = 0, 

in contradiction to Theorem |^ since G = G[AUBUZ*U W] . A similar argument shows 
that V 7^ y^-i. 

Since v ^ {xi,X2} we have m ^ {mi,M2}. We conclude that u = Xj, and similarly 
V = yi. Define P' = P + G . Remember that W is the only member of {A', B', W, Z'} 
meeting Pi U P2. If C is reoriented then there is a directed path W" from y^^i to x^^j 
included in 

W'iys-i, wi) U P'{wi,v) U Z'{v, u) U P'{u, W2) U W\w2, x^^j). 
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yi 



Figure 8. The situation in Lemma |T3. 



Thus 

w" n (Pi u P2) = 0. 

We now have a contradiction, since G = G[A' U B' U Z' U W"]. 



□ 



Lemma 14. There is no directed A U B-arc joining vertices in distinct AB-arcs, or 
in distinct BA-arcs. 



Proof: In view of the symmetry between A and B it suffices to prove that no AU B- 
arc is directed from a vertex in A{xi,yi) to a vertex in A[x2^ 1/2)- Suppose such an arc 
P exists, joining a vertex x'^ G V A{xi,yi) to a vertex y'2 G VA{x2, 1/2) • (See Figure ^) 
Let 

B' = A{ui, x[) U P U A(?/2, V2) U {62} U P(m2, f 1) U {ei}. 
This is an /-ahernating circuit containing ci and 62- Observe that B{xi,y2) is the only 
BB'-aic. It follows that B and B' have the same clockwise parity, for otherwise A and 
B could have been chosen to have a unique AB-aic. Henceforth B' will play the role 
previously assumed by B. The circuit A will play the same role as before, but we define 
x'2 = X2 and y'l = yi- Note that there are exactly two AP'-arcs, one containing ei and 



the other containing 62 and that P(xi, 1/2) is an A U P'-arc. Therefore, by Lemma |TT 
for some i,j G {1,2} there exists a directed minimal path X from t/^' to Xj including 

P(Xi,?/2). 

We now show that i = 1 and j = 2. Included in the set X{y^,xi) U A{xi,x[) is a 
directed path 14^ from y^ to x'^. This path is included in {A U B U X) — B{xi, 7/2), in 
contradiction to the minimality of X if j = 1. Therefore j = 2. Similarly, included in 
the set A{y2,y2) U X{y2,X2) is a directed path Z from 1/2 to Xj. This path is included 
in (A U P U X) — P(xi, 1/2)5 in contradiction to the minimality of X if i = 2. Therefore 
i = 1. 

By Theorem ^ we have G = G[A U B' U W U Z], in contradiction to the fact that 

p(xi, ^2) n (A u p' u ly u z) = 0. 

□ 
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Figure 9. P is a directed arc joining a vertex in A{xi,yi) to a vertex in A{x2, 1/2) • 



Lemma 15. There is no directed A U B-arc joining a vertex in an AB-arc to a vertex 
in a BA-arc. 



Proof: By symmetry it suffices to prove that no A U B-arc is directed from a vertex 
in A{xi,yi) to a vertex in B{x2,yi)- Suppose such an arc P exists, joining a vertex 
V G VA{xi,yi) to a vertex y[ G VB{x2,yi). (See Figure 0.) Let 

A' = A{ui, v)UPU B{y[, vi) U {es} U A{u2, V2) U {d}. 

This is an /-ahernating circuit containing ei and 62- Observe that A{v,yi) is the only 
AA'-a.Tc. It follows that A and A' have the same clockwise parity. Henceforth A' will 



play the role previously assumed by A. (See Figure |T0], second picture, where A' is 



drawn as a circle.) The circuit B will play the same role as before, but we define 
and 1/2 = 1/2- Note that A{v,yi) is an A' U B-arc. Therefore, by 
Lemma |1T], for some i,j G {1,2} there exists a directed minimal path X from y'- to 
x'j including A{v,yi). Let Pi be the A'X-arc with terminus v and P2 be the A'X-arc 
with origin yi. Then Pi <x P2 and Pi <A'iui,vi) P2 in contradiction to the minimality 
of X. ' □ 



Lemma 16. For each i,j G {1,2} there is no directed AU B-arc from a vertex in 
A{yi,Vi) to a vertex in A{uj,Xj). 

Proof. It suffices to prove the lemma for i = j = 1. Suppose such a directed arc P 
exists. Let P be directed from vertex v to vertex u. Define 

C = A{u, v) U P. 

Let f' = f + C, 

A' = A + C 

= P U A{v, vi) U {62} U A{u2, V2) U {ei} U A{ui,u) 
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Figure 10. P is a directed arc joining a vertex in A{xi, yi) to a vertex in B{x2, yi)- 
and 

B' = B + C 

= PU B{v, vi) U {62} U B{xi,V2) U A{xi,yi) U B{u2, yi) U {ei} U B{ui, u). 

Thus A' and B' are /'-alternating circuits of opposite clockwise parity containing ei 
and 62- However y4(x2,?/2) is the only A'B'-aic. This result contradicts the assumption 
that for every choice of A and B there are at least two AB-axcs. □ 

Lemma 17. Let P he a directed AB-arc or a directed BA-arc and let Q he a directed 
AB-arc in H having neither end in common with an end of P. Then there is no pair 
X,Y of AU B-arcs such that X is directed from a vertex u G VP to a vertex v G VQ, 
Y is directed from a vertex w G VQ to a vertex x G VP, x <p u and v <q w. (See 
Figure [7i|. j 

Proof. By the symmetry between A and B we may assume that P = A{xi,yi). 
Therefore Q = A{u2,X2) or Q = A{y2,V2)- By symmetry we may assume the latter 
case obtains. 

Suppose X and Y exist. Let 

C = A{v, w)UYU A{x, u) U X. 

Define f = f + C, 

A' = A + C 

= A{w, V2) U {62} U A{u, vi)UXU A{u2, v) U {d} U A{ui, x)UY 

and 



B' = B + C 

= B{w, V2) U {62} U B{u2, vi) U {ei} U B{ui, f ) U X U A{x, u) U Y. 
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Figure 11. The situation in Lemma 17 before and after reorienting C. 



Then A' and B' are /'-alternating circuits containing ei and 62 and having opposite 
clockwise parity. Reorient C and define 

D = B'{u2, vi) U {62} U A'{m, V2) U {ei}. 

(See Figure |TT].) Then D is /'-alternating and contains ei and 62- If D is of opposite 
clockwise parity to A' then we have a contradiction because there is a unique A'D-arc 
^'(^2;Z/i); otherwise B' and D have opposite clockwise parity and there is another 
contradiction since B'{xi,x) is the only B' D-axc. □ 

4. Production of a list of cases to consider 

We now introduce a notation to describe a minimal directed path X from yi to Xj 
for i,i G {1, 2}. Traversed from to Xj, X meets a succession of directed {A U B)X- 
arcs in if. The trace of X is the sequence obtained from X by recording: for each 
A{xj,yi)X-aic, 0' for each y4(x3_j, ?/3_j)X-arc, 1 for each i?(x3_j, ?/j)X-arc, 1' for each 
i?(a;j, ?/3„j)X-arc, 2 for each (y4ni?)(?/3_j, f3_j)X-arc, 2' for each (ylni?)(u3_j, a;3_j)X- 
arc. 

Figure shows an example of a directed minimal path from yi to Xi with trace 
02110'1'02'1. By Lemma ^(a) the graph G[ylU-B UX] is determined up to homeomor- 
phism by the trace of X. In particular, there are a unique v4(?/j, Vi)X-axc and a unique 
A{uj, Xj)X-arc. 

Lemma 18. Let W he a string over {0, 0', 1, 1', 2, 2'}. 

(^aj It is possible to choose A, B, f , xi, X2, yi, y2 and a directed minimal path X from 
yi to Xi in G such that the trace of X is OW if and only if it is possible, without altering 
AU B U X , to choose A, B, f , xi, X2, yi, 1/2 and a directed minimal path X from yi 
to xi in G such that the trace of X is IW . 

(b) It is possible to choose A, B, f , xi, X2, yi, 2/2 and a directed minimal path X from 
yi to Xi in G such that the trace of X is WO if and only if it is possible, without altering 
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Figure 12. A directed minimal path with trace 02110'1'02'1. 



AU B U X , to choose A, B, f , Xi, X2, Hi, y2 ond a directed minimal path X from yi 
to Xi in G such that the trace of X is WV . 



Proof. By symmetry, it suffices to prove (a). Suppose the trace of X is . There is 
an A[xi,yi)X-axc that corresponds to the first in the trace of X. Let v be its origin, 
and let 

C = X{yi,v)UA{y,yi). 

Let u be the terminus of the y4(?/i, f i)X-arc and w the terminus of the y4(xi, ?/i)X-arc 
with origin v. (See Figure |r^.) Define f' = f + C, 

A' = A + C 

= C{u, v) U A{ui,v) U {ei} U A{u2, V2) U {62} U A{u, Vi), 
B' = B + C 

= C{u, yi) U B{u2, yi) U {d} U B{ui,V2) U {es} U B{u, vi) 

and 

X' = X + A{v,y{) 

= C{w,v) U X{w,Xi). 

Then A' and B' are /'-alternating circuits containing ei and 62 and having opposite 
clockwise parity. Moreover there are exactly two A'i^'-arcs, one containing ei and 
the other containing 62, and the vertices of degree 3 in G[A' U B'] are Xi, X2, v, y2- 
After reorientation of C, X' is a directed path from v to xi. The trace of X' is 
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Figure 13. The situation in Lemma 18 before and after reorienting C. 



IW, as B'{yi,w) is a B'{x2,v)X'-aYc which replaces the ?/i)X-arc A{v,w). (See 

Figure |l^.) Moreover X' is minimah X' satisfies the condition in Lemma P^(b) since 
X does and 

X'{v, w) n {A' U B') = C{v, u) U C{yi, w). 
For the converse in (a) note that f = f' + C,A = A' + C,B = B' + C and 
X = X' + A{v,yi). □ 

Lemma 19. For some choice of A, B, xi, X2, yi, y2, f there is a directed minimal 
path S' from yi to Xi with trace or 0'. (See Figure m\.) 

Proof We choose A, B, xi, X2, yi, y2, f and a directed path 5" from yi to Xi so that 
AU B U S' is minimal. Thus 5" is minimal. 

Suppose the trace of 5" contains 2. There is an {A fl B){y2,V2)S'-a.TC] let v be its 
terminus. Included in the set A{y2,v) U S'{v,Xi) is a directed path from 7/2 to Xi, in 
contradiction to the minimality of AU B U S' since S'{yi, v) — {AU B) 0. Therefore 
the trace of S' does not contain 2, and similarly does not contain 2'. 

The trace of S' contains none of 00, 11, O'O', I'l' by Lemma none of 00', O'O, 



11', I'l by Lemma |l|, none of 01, 01', O'l, O'l', 10, 10', I'O, I'O' by Lemma |T5|, and 



is non-empty by Lemma We infer that the trace of S is one of 0, 0', 1, 1'. By 
Lemma |T8| the case that the trace of S" is 1 or 1' can be reduced to the case that the 
trace of S" is 0. □ 

Because of this lemma we henceforth assume that the trace of S" is or 0'. Given 
this choice for the trace of S, we now turn our attention to the trace of T. 

In the following we produce a finite list of possible traces of T and therefore a finite 
list of graphs we will consider in the following section. In order to do so we distinguish 
the two cases S* fl T = and fl T 7^ 0. First we assume that S* fl T = 0. 

Lemma 20. Let W be a string over {0, 0', 1, 1', 2, 2'}, and let SnT = (/). 

(a) Suppose that the trace of T is IW . Then there exist A, B, f, xi, X2, yi, y2, a 
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Figure 14. A directed minimal path S' with trace and with trace 0'. 

directed minimal path from S' yi to Xi with trace or 0' and a directed minimal path 
T' from 1/2 to X2 with trace OW . 

(b) Suppose that the trace of T is WV . Then there exist A, B, f, xi, X2, Hi, y2, 
directed minimal path S' from yi to Xi with trace or 0' and a directed minimal path 
T' from y2 to X2 with trace WQ. 

Proof. That T' exists follows by a proof similar to that of the corresponding assertion 



in Lemma |T8|. The reorientation of the corresponding /-alternating circuit C does not 
affect since fl C = 0. Therefore we may take S' = S. □ 

Thus we can assume that the first symbol in the trace of T is not 1 and that the last 
symbol in the trace of T is not 1'. In the following we will refer to this property of T 
as (A). 

Lemma 21. Suppose S* fl T = and the trace of T contains one of 20' , 21', 12' , 0'2' . 
Then there exist A' , B' , f, a directed minimal path S' from yi to Xi with trace or 0' 
and a directed minimal path T' from y2 to X2 such that S" fl T' 7^ 0. 

Proof. It suffices to consider the case where the trace of T contains 20', for the other 
cases are similar. In this case there is a TA U B-axc with origin u G V A{yi,vi) and 
terminus v G V A{xi,yi). Let u' be the origin of the y4(?/i, i;i)T-arc with terminus m, 
and v' the terminus of the A{xi, ?/i)T-arc with origin v. Let w be the terminus of the 
unique f i)S'-arc. (See Figure [T5|.) 

Since fl T = we have w <A(yi,vi) u' . If S has trace 0, then let x be the terminus 
of the unique A{xi,yi)S-aic and x' its origin. We have x <A(xi,yi) otherwise if we 
define 

S* = A{yi, u) U T(m, v) U A{v, x) U S{x, Xi) 
then G = G[A U B U S* U T] by Theorem in contradiction to the fact that 

S{w,x')n{AUBUS*UT) =0. 
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Figure 15. The situation in Lemma |2T] before and after reorienting C. 
In any case, define 

C = T{u,v)U A{v,u). 

This is an /-alternating circuit such that C (1 S = A{yi,w). Reorient C and define 

f = f + C, 

A' = A + C 

= C{v, u) U A{ui,v) U {ei} U A{u2, V2) U {ea} U A{u, vi), 
B' = B + C 

= C{yi, u) U B{u2, yi) U {ei} U Biui.Vi) U {ea} U B{u, Vi), 

S' = S + Civ,y,) 

= C{v,w) U S{w,xi) 

and 

T' = T + C 

= T{y2,u')UCiu',v')UTiv',X2). 

Then A' and B' are /'-alternating circuits containing ei and 62 and having opposite 
clockwise parity. There are exactly two A'B'-sltcs, the vertices of degree 3 in (^[A'Ui?'] 
are Xi, X2, v and j/2, S' is a directed path from v to Xi and T is a directed path from 



y2 to X2 (see Figure Moreover S and S' have equal trace and S' DT' = C{u\ w) 7^ 
0. Finally 5" and T' are minimal: both satisfy the condition in Lemma ^OKb) since 
S'{v, w) n {A' U B') = C{v, u) and T'{u', v') n {A' U B') = C(yuv'). □ 

Thus we assume that the trace of T contains none of 20', 21', 12', 0'2', if 5 fl T = 0. 
In the following we will refer to this property of T as (B). 

The following lemma gives a complete list of graphs to be considered if 5 fl T = 0. 
We use * to denote an arbitrary string of symbols, and A to denote the empty string. 
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Lemma 22. Suppose S HT = (/) and that T has properties (A) and (B). Then the 
trace ofT is one ofO, 0' , 20, 21, 02', 1'2' . 

Proof. First we see that the symbols in the trace of T alternate between the sets 
{0, 0', 1, 1'} and {2, 2'}, for the trace of T contains none of 00, 11, 22, O'O', I'l', 2'2' by 
Lemma |l|, none of 00', O'O, 11', I'l by Lemma none of 01, 01', O'l, O'l', 10, 10', 
I'O, I'O' by Lemma |15], and does not contain 22' by Lemma |1^ or 2'2 by Lemma p!0|(a). 



Next we show that the trace of T does not contain both 2 and 2'. Suppose that the 
trace of T contains 2' * 2. Thus Xi,yi G VT by Lemma |10|(a). This is a contradiction 
to S* n T = 0. Suppose that the trace of T contains 2 * 2'. Choose 2 and 2' in the 
trace of T, with the chosen 2' appearing later than the chosen 2. Let u be the terminus 
of the A{yi,vi)T-a.Tc that corresponds to the chosen 2 and let v be the origin of the 
A{ui,Xi)T-a.Tc that corresponds to the chosen 2'. There is a directed path from yi to 
Xi included in 

A{yi, u) U T{u, v) U A{v, Xi). 
By Theorem ^ we have G = G[A U B U T], in contradiction to 

{S -{AUB))n{AUBUT) = 0. 

We distinguish the following cases: 

1. The trace of T contains neither 2 nor 2'. 

2. The trace of T contains 2 and consequently does not contain 2'. 

3. The trace of T contains 2' and consequently does not contain 2. 

Case 1: By Lemma ^ the trace is not empty and therefore the trace of T is one of 
0, 0', 1, 1' in this case. By [A) the case that the trace is 1 or 1' is not possible. 

Case 2: The symbols in the trace of T alternate between the sets {2} and {0, 0', 1, 1'}. 
By (B) and Lemma |l^ every 2 in the trace must be immediately followed by or 1. 
Therefore the trace contains at most one 2 by Lemma |17| and consequently exactly one 
2. In fact the trace of T is x2y, where x G {A, 0, 0', 1, 1'} and y G {0, 1}. 

We show that x = A. We have x ^ {0', 1'}, for otherwise yi G VS fl VT by 
Lemma |l3(a). Suppose x = 0. If ?/ = 0, we have a contradiction by Lemma |1^ If 
y = 1, we have a contradiction by Lemma |1^ also, since in this case there exist A', B', 
/', x'l, x'21 y'li 1/2 ^ ^ directed minimal path T' from 7/2 to x'2 with trace 121 by 
Lemma |T8|. Similarly we obtain a contradiction if we suppose that x = 1. Therefore 
the trace of T is either 20 or 21, if the trace contains 2. 

Case 3: Similarly the trace of T is either 02' or 1'2', if it contains 2'. □ 

Remark 1. The case where the trace of T is either 02' or 1'2' can he reduced to the 
case where the trace of T is either 20 or 21. In order to see this suppose that the 
trace of T is either 02' or 1'2' and switch to the reference orientation with respect to 
{N, M, /). Then S is a directed path from y'^ = xi to x'^ = yi with trace or 0' and T 
is a directed path from y'2 = X2 to x'2 = y2 with trace 20 or 21. 



Now we consider the case where STlT 7^ 0. First we prove the following consequence 
of Theorem ^ 
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Figure 16. There are two possible cases: either a <s b or b <s ct- 



Corollary 2. Let S' be a directed path from yi to Xi, Ti a directed path from y2 to a 
vertex in S' and T2 a directed path from a vertex in S' to X2 ■ Then 

G = G[AU B U S' UT1UT2]. 

Proof. By Theorem ^ we have to show that there exists a directed path from y2 to 
X2 in G[A U i? U S" U Ti U T2]. Let a be the terminus of Ti and b the origin of T2. Then 
such a path is included in 

Ti U 5(a, xi) U A{xi,yi) U S{yi, b) U T2. 

□ 

Since 5* fl T 7^ 0, there exists a first vertex a in T that is also in 5*, and a last vertex 
6 in T that is also in S. (See Figure |16|.) Let Ti = T{y2,a) and T2 = T{b,X2). By 
Corollary ||, 

G = G[AUBUSUTiUT2]. 

We define the trace of Ti and T2 in a manner analogous to the definition of the trace 
of a directed minimal path from y2 to X2- Note that Ti and T2 satisfy the condition in 
Lemma p!0|(b), since they are directed subpaths of the directed minimal path T. 

Lemma 23. Let W be a string over {0, 0', 1, 1', 2, 2'}, and let SnT 
(a) Suppose that the trace of Ti is IW . Then there exist A, B, f, xi, X2, yi, y2, 0, 
directed minimal path from yi to Xi with trace or 0' and a directed minimal path T 
from y2 to X2 such that the trace o/Ti is . 

(h) Suppose that the trace of T2 is WV . Then there exist A, B, f, xi, X2, yi, y2, a 
directed minimal path from yi to xi with trace or 0' and a directed minimal path T 
from y2 to X2 such that the trace 0/T2 is WQ. 



Proof. Similar to the proof of Lemma 



120. 



□ 
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Therefore we can assume that the first symbol in the trace of Ti is not 1 and that the 
last symbol in the trace of T2 is not 1'. In the following we will refer to this property 
of Ti and T2 as {A'). 

In the directed path S there are exactly 6 vertices of degree 3 in G[AU B U S], the 
first being yi and the last being Xi. We label the other such vertices Wi, W2, w^, and 
W4 in the order they occur when we traverse S from yi to Xi. (See Figure |n|.) Note 
that a ^ {wi,ws,xi} and b ^ {yi, 102,104}, since the vertices of G have indegree 1 or 
out degree 1. 

Lemma 24. The vertices a and b are not both in VS{yi,wi) and not both inVS{w4,Xi) . 

Proof. By symmetry it suffices to show that {a,b} ^ V S{yi,wi). Suppose the 
contrary. 

First we assume that the trace of S* is 0. We define 

C = S{wi,W2) U A{w2,Wi). 

This is an /-alternating circuit. Furthermore we define f = f + C, 
A' = A + C 

= C{wi,W2) U A{ui,W2) U {ei} U A{u2, V2) U {ea} U A{wi,vi), 
B' = B + C 

= C{w,,yi) U B{U2, yi) U {ei} U B{m,V2) U {ea} U B{wi,Vi). 



By Lemma 12, A' and B' are /'-alternating circuits containing ci and 62, of opposite 
clockwise parity, such that there are exactly two y4'i?'-arcs. The vertices of degree 3 in 
G[A' U B'] are Xi,X2, W2, 1/2- 

First we assume a <s b. In this case a = yi and b = wi, for otherwise we would have 
vertices of degree 2. We define the paths 

X' = Ti U C{ws, a) U S{ws, xi) 

and 

Y' = C{b,W2)UT2. 

These paths would become directed from t/2 to Xi and from W2 to X2, respectively, if C 
were reoriented. Therefore 

G = G[A'UB'UX'UY'] 
by Theorem ^ in contradiction to 

C{a, b) n (A' U fi' U X' U ¥') = 0. 
Now we assume that b <s a. We reorient C and define the directed path 

T' = T + C 

= TiUC{a,b)UT2 
and a directed path S' from W2 to xi included in 

C{w2, 6) U T2 U B{x2, yi) U Ciyi, ws) U S{ws, xi). 

By Theorem ^ 

G' = G[A'US'US'UT'], 
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in contradiction to 

Cib,yi)r]{A'UB'uS'UT') = 0. 
Next we consider the case that the trace of S is 0'. We define 

D = S{wi, W4^) U A{W4, Wi). 

This is an /-ahernating circuit. Furthermore we define f" = f + D, 
A" = A + D 

= D{wi, W2) U A{u2, W2) U {ei} U A{ui, W4) U 
D{w3, W4) U A{w-i, V2) U {62} U A{wi, vi), 

B" = B + D 

= D{wi, U74) U B{ui, W4) U {ei} U B{u2, yi) U 
D{xi,yi) U B{xi,V2) U {ea} U B{wi,vi). 

By Lemma |T2|, A" and B" are /"-alternating circuits including ei and 62, of opposite 
clockwise parity, such that there are exactly two y4"S"-arcs. The vertices of degree 3 
in G[A" U B"] are W3,X2,W2,y2- 

First we assume a <s b. Again we have a = yi and h = wi, for otherwise G would 
have vertices of degree 2. We define the paths 

X" = D{h, W2)UT2 

and 

Y" = TiUD{w3,a). 

These paths would become directed from W2 to X2 and from y2 to W3, respectively, if 
D were reoriented. Therefore 

G = G[A" U B" U X" U Y"] 
by Theorem ^, in contradiction to 

D{a, h) n {A" U B" U X" U Y") = 0. 
Now we assume that b <s a- We reorient D and define the directed path 

T" = T + D 

= TiU D{a,b)UT2 
and a directed path S" from W2 to W3 included in 

D{w2, 6) U T2 U 5(a;2, yi) U ^(1/1, W3). 

By Theorem ^ 

G = G[A"ufi"u5"ur"], 

in contradiction to 

D{b, yi) n (A" U B" U 5" U T") = 0. 

□ 

Lemma 25. The traces ofTi and T2 are either empty or 0. 
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Proof. By symmetry it suffices to show that the trace of Ti is either empty or 0. First 
we show that the edge in Ti incident on a is not in AU B. This edge exists, for Ti 7^ 
since the trace of S" is or 0'. Let a* be its origin and suppose that {a*, a) G A U B. 
Note that (a*, a) ^ / because S is /-alternating. Thus the edge of / incident on a* 
is in Ti and in AU B. Now we have the contradiction that a* is a vertex of degree 2, 
since a* ^ VSUVT2. 

We use this observation to show that the trace of Ti contains none of 0', 1', 2'. 

Suppose that the trace of Ti contains 0'. Let a' be the origin of an ?/i)Ti-arc. 
Clearly a' ^ a. Included in 

T^{y2,a')UA{a\yi) 
is a directed path T[ from j/2 to a vertex in S with 

T[ n {Ti{a\a) - (A U 5)) = 0. 



By Corollary ^ we have 
Since 

it follows that 



G = G[AUBVJSVJT[VJT2]. 
{Ti{a', a) - {AU B))n{AU BU SUT[U T2) 



Ti{a',a) - = 0. 

Therefore we have the contradiction that the edge of Ti incident on a is in A U 5. The 
proof that the trace of Ti contains neither 1' nor 2' is similar. Likewise the trace of T2 
contains none of 0', 1 and 2. 

Next we show that the trace of Ti does not contain 2. Assume the contrary and let 
V be the terminus of the last A{yi, fi)Ti-arc. Then there is a directed path 5" from yi 
to xi included in 

A{yi, v) U Tiiy, a) U S{a, xi) 

with 

S'n{S{yi,a) - (A US)) = 0. 

Therefore 

S{yi,a) CAUBUT, 
since G = G[A U B U S' U T] by Theorem |^. Consequently, 

a i (^5(^1, ^2) - {wx}) U {yS{w^,w^) - {w^}), 

for otherwise the edge of S'(?/i, a) incident on a is in T (since it is not in A U 5), and 
we have a contradiction to the choice of a. Thus 

a G VS{yuvox) U {yS{w2,w^) - {^2}) U {yS{w^,xx) - {w^\). 

Now we distinguish three cases according to which set of this union contains a. 

Suppose that a G VS{xj\, W\). We already know that the trace of Ti is a string over 
{0, 1,2}. The symbols alternate between 2 and members of the set {0, 1} for the trace 
of T\ contains none of 00, 11, 22 by Lemma |1^ and neither 01 nor 10 by Lemma |15. 
Therefore 2 is either the last symbol or the penultimate symbol in the trace of T\. If 
2 is the last symbol in the trace of T\ we have a contradiction by Lemma ^ and if 2 
is the penultimate symbol in the trace of T\ then the last symbol of the trace of T\ is 
either or 1 and we have a contradiction by Lemma p!0|(a) and Lemma |17. 
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Suppose that a G VS{w4^,xi) — {w^}. Note that a cannot be adjacent to W4 since 
both vertices have indegree more than 1. Thus b G VS{w4,a) — {^4}, for otherwise 
there would be a vertex of degree 2 in G. Therefore {a, b} C VS{w4, xi) in contradition 



to Lemma 24. 



Therefore a G V S{w2,Ws) — {W2}. Then b G VS{w2,a), for otherwise there would 
be a vertex of degree 2 in G. First we consider the case that the trace of is 0. We 
define 

T' = Ti U S{a, xi) U A{xi, b) U Ta. 
This is a directed path from y2 to X2 with 

T'n(5(yi,a)-(AU5)) = 0. 



By Theorem ^ we have 
a contradiction, since 



G = G[AUBUS'U T'] 



S{wi, W2)n{AUBUS'U T') = 0. 

Now we consider the case that the trace of S is 0'. By Lemma p!^ and Lemma |T5| the 
path Ti(t>, a) is an A U S-arc. We define the following directed minimal path S" from 
yi to Xi. 

S" = A{yi,v) UTi{v,a) U S{a,Xi). 

The trace of 5"' is 0'. Let u be the origin of the A{yi, fi)Ti-arc with terminus v. Note 
that 

T = Ti U Sia, xi) U A{xi, yi) U b) U T2. 

Then m is the first vertex in T that is also in 5"' and Wi is the last vertex in T that 
is also in 5"', since the trace of T2 does not contain 2. If we replace S by S", this is a 



contradiction by Lemma ^ and finally shows that the trace of Ti does not contain 2. 

Now we know that the trace of Ti is a string over {0, 1}. By Lemma |l^ the trace of Ti 
contains neither 00 nor 11, and by Lemma p!5| it contains neither 01 nor 10. Therefore 
the trace of Ti is either empty, or 1. Since the directed path Ti has property {A') 
the case that the trace of Ti is 1 is not possible. □ 

Remark 2. An argument similar to the one that showed that the trace ofTi does not 
contain 0' leads to the following observation: If the trace of S is 0' , the symbol in 
the trace of Ti corresponds to an A{w3,y2)Ti-arc and the symbol in the trace of T2 
corresponds to an A{x2,W2)T2-arc. 

Lemma 26. Suppose b <s a. Then S{b,a) C 8(102,103). 

Proof. The assertion can be deduced from Lemma |2^ after we show that S{b, a) C 
AUB. 
Define 

X = S{yi,b)UT2 

and 

Y = TiU S{a,xi). 
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Then X is a directed path from yi to X2 and y is a directed path from y2 to xi. Since 
S{h, a) n (X U F) = and 

G = G[AyjBVJXVJY] 
by Theorem |], we have S{h, a) ^ AU B . □ 

Lemma 27. If the trace ofTi is empty then a ^ VS{w3, Xi) . 

If the trace ofTi is then a ^ VS{yi,W3). 

If the trace 0/T2 is empty then b ^ VS{yi,W2)- 

If the trace ofT2 is then b ^ VS{w2,xi). 

Proof. By symmetry it suffices to show the assertions for Ti. The first assertion is 



an immediate consequence of Lemma It 



Now suppose that the trace of Ti is 0. If the trace of S" is then a ^ VS{wi, ws) by 



Lemma 13; if the trace of S is 0' then a ^ VS{wi, W3) by Lemma 13. 

Suppose the trace of S is 0, and that a G VS{yi,wi). Let zi, Z2, be the vertices 
of VTi — {y2, a} in the order in which they appear as Ti is traced from ?/2- Then 

G[iA UBUSUT,)- {A{y2, z,) U A{z2, Zs) U B{x2, yi))] 

is an even subdivision of -R'3,3, in contradiction to the fact that G is minimal non- 
Pfaffian. If the trace of 5* is 0' then a ^ VS{yi,wi) by Lemma |l^ and Remark |^. □ 



The following lemma gives a complete list of graphs to be considered if S" fl T 7^ 0. 

Lemma 28. Suppose S (IT ^ ^ and that the directed path T has property {A'). Then 
one of the following cases is true: 

1. the traces of Ti and T2 are A and respectively, a G VS{wi,W2) — {102} , b G 
VS{wi,W2) - {wi}, a <s b, 

2. the traces ofTi and T2 are empty, a G VS{yi,Wi) , b G VS{w2,W3), 

3. the traces o/Ti and T2 are empty, a G VS{yi,wi) , b G VS{w4,xi), 

4. the traces o/Ti and T2 are empty, a G VS{w2,W3) , b G V S{w2,W3) , a <s b, 

5. the traces ofTi and T2 are empty, a G V S{w2^wz) , b G V S{w2,w^) , b <s a, 

6. the traces ofTi and T2 are empty, a G V S{w2^wz) , b G V Siw^^xi) , 

7. the traces of Ti and T2 are and A respectively, a G V S{w^.,w^ — {^4}, b G 
V S{w^,W4) — {w^} and a <s b. 

Proof. First we deal with the case that 

a G (yS{wi,W2) - {W2}) U {VS{w3,W4) - {W4}) 

or 

b G {VS{WUW2) - {W,}) U {VS{W3,W^) - {ws}). 

Since there are no vertices of degree 2 in G, the vertex a is in V S{wi,W2) — {^^2} if 
and only if 6 G VS{wi,W2) — {wi}. Furthermore a <s b in this case and by Lemma ^ 
the trace of Ti is empty and the trace of T2 is 0. This situation corresponds to the first 
case in the lemma. 

Similarly a G VS{w3,W4) — {104} if and only if 6 G VS{w3,Wi) — {w^}. In this case 
a <s b, the trace of Ti is and the trace of T2 is empty. This situation corresponds to 
the last case in the lemma. 
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Therefore we may now assume that 

{a, b} C VS{yi, wi) U VS{w2, W3) U VS{w^, xi). 
We show that the trace of Ti is empty. Suppose the contrary, that the trace of Ti is 



0. By Lemma and our assumption we have a E VS{w4, xi). By Lemma p6| we have 



a <s b and therefore b G V S{w4, Xi). This is a contradiction to Lemma ^ 
Similarly the trace of T2 is empty. 
By Lemma and our assumption we have 

a e VS{yi,Wi) U V 8(102,103) 

and 

b G VS{w2, W3) U VS{w4, Xi). 
From this result we deduce the following list of cases to be considered. 

1. a G VS{yi,Wi), b G ¥3(102,103) 

2. a G VS{yi,Wi), b G VS{w4,Xi) 

3. a G VS{w2,W3), b G VS{w2,W3), a <s b 

4. a G VS{w2,W3), b G VS{w2,W3), b <s a 

5. a G 1^5(^2, W3), b G V'5'(ti;4, Xi). 



□ 



Remark 3. If we change from the reference orientation with respect to {M, N, f) to 
the reference orientation with respect to {N, M, f) the first case in Lemma |^ changes 
to the last case. Therefore we do not have to consider the last case. The same is true 



for the second case and the sixth case in Lemma and so we do not consider the 
sixth case. 

5. The minimal non-Pfaffian near bipartite graphs 



In this section we consider the cases in Lemma ^ and in Lemma and with this 
complete the proof of Theorem ^ For that purpose we need the following lemma which 
has already been proved in |Q. 

Lemma 29. Let G be a graph with a circuit C of odd length and let he the graph 
obtained from G by contracting VG. If G^ is not Pfaffian, then neither is G. 

We divide the argument into cases according to whether or not S* fl T = 0. 

Case 1: In the case where S" fl T = it follows from Lemma 22 and Remark |l| that 



the trace of S may be assumed to be either or 0' and that of T may be assumed to 
be one of 0, 0', 20, 21. Let the vertices in VT — {7/2, X2} be zi, Z2, . . . ,Zn in the order 
in which they appear. 
Subcase 1.1: Suppose the trace of T is 0. 

Subcase 1.1.1: Suppose the trace of S is 0. Consider the circuits 

Gi = S{Wi,W2)U A{w2,Wi), 

G2 = S{W3,W4) U A{W4,W3), 

G3 = T{ZI,Z2)UA{Z2,Z,), 

G4 = T{Z3,Z4)U A{Z4,Z3), 

C5 = SUB{xi,y2)UTUB{x2,yi). 
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Their sum is A + B. However, under our reference orientation all of Ci, C2, C3, C4, 
C5, A + B are clockwise even, but under our extended Pfaffian orientation of H only 
A + B is clockwise even, by Corollary ^ This result contradicts Lemma |1^. Subcase 
1.1.2: Suppose the trace of S is 0'. By symmetry we may assume that W3 <A(x2,y2) ^2- 
Then G is isomorphic to Fi. The isomorphism from Fi and G is given by 0(a) = X2, 

0(^) = Z/l, 0(c) = Wi, 0(rf) = W2, 0(e) = W3, 0(/) = W4, 0(5() = Xi, 0(/l) = 1/2, 

0(i) = zi, 0(j) = 2:2, 0(A;) = 2:3, 0(/) = 2:4. 
Subcase 1.2: Suppose the trace of T is 0'. 

Subcase 1.2.1: The case where the trace of is is symmetric to Subcase 1.1.2. 
Subcase 1.2.2: Suppose the trace of 5* is 0'. Consider the circuits 

Ci = 5UA(si,yi), 

C2 = TUA{x2,y2), 

C3 = SUB{xuy2)l^TUB{x2,yi). 
We obtain a contradiction by the method in Subcase 1.1.1. 
Subcase 1.3: Suppose the trace of T is 20. 

Subcase 1.3.1: Suppose the trace of S is 0. This case is similar to Subcase 1.1.1 except 
that vertices Z2, z^, z^ in Subcase 1.1.1 are replaced by Z4, z^, Zq respectively. 
Subcase 1.3.2: Suppose the trace of S is 0'. Note that Zi = V2 and z^ = Vi. Contract 
the circuit T{zi,Z3) U {62}. The resulting graph is isomorphic to Fi whether or not 

W3 <A{x2,y2) ^4- 

Subcase I.4: Suppose the trace of T is 21. 

Subcase I.4.I: Suppose the trace of S is 0. Consider the circuits 

Ci = S{Wi,W2)U A{w2,Wi), 
C2 = S{W3,W4) U A{W4,,W3), 

C3 = TuA{x2,y2), 
C4 = T{y2,zr,)U B{z5,y2), 
C5 = SUB{xi,Z5)UT{z5,X2)UB{x2,yi). 
We obtain a contradiction by the method in Subcase 1.1.1. 

Subcase 1.4.2: Suppose the trace of S is 0'. Contract the circuit T{zi,Z3) U {62}. The 
resulting graph is isomorphic to Fi. 

Case 2: If S* fl T 7^ then by Remark ^ we see that only cases 1-5 in Lemma ^ 
need to be considered. Case i of the lemma is dealt with in Subcase 2.i below. Let 
the vertices in {VTi U VT2) — {y2, X2,a,b} be zi, Z2, ■ ■ ■ , Zn in the order in which they 
appear in T. 

Subcase 2.1: The traces of Ti and T2 are A and respectively, a G VS{wi, W2) — {^2}, 
h e VS{wi,W2) - {wi}, a <s b. 

Subcase 2.1.1: Suppose the trace of S is 0. Note that zi = V2 and wi = vi. Contraction 

of the circuit T{zi, a) U S{wi, a) U {62} yields a graph isomorphic to Fi. 

Subcase 2.1.2: Suppose the trace of S is 0'. By Remark ^ we have z^ <A(x2,y2) ^2- 

Define 

S' = S{yi, b) U T(fe, 2:3) U A{z3, W2) U S{w2, xi). 
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By Theorem ^ we find that G = G[A U B U S' U T], in contradiction to the fact that 

S{b,W2)n{AUBUS'UT) 

Subcase 2.2: The traces of Ti and T2 are empty, a G VSiyi, wi), b G VS{w2, W3). Note 
that a = yi and b = W3. 

Subcase 2.2.1: Suppose the trace of S" is 0. Consider the circuits 

Ci = S{Wi,W2)U A{w2,Wi), 
C2 = S{W3,W4) U A{W4,W3), 

C3 = TiUS{yi,W3)UT2UA{x2,y2), 

C4 = TiUSUB{xi,y2), 

C5 = Siyi,W3)UT2UB{x2,yi). 

We obtain a contradiction by the method in Subcase 1.1.1. 
Subcase 2.2.2: Suppose the trace of S is 0'. Consider the circuits 

Ci = SUA{xi,yi), 

C2 = TiU S{yi,W3) U A{w3,y2), 

Cs = T2UA{X2,W3), 

C4 = TiU5U5(xi,i/2), 

C5 = Siyi,ws)UT2UB{x2,yi). 

We obtain a contradiction by the method in Subcase 1.1.1. 

Subcase 2.3: The traces of Ti and T2 are empty, a G VS{yi,Wi), b G VS{w4,Xi). Note 
that a = yi and b = Xi. 

Subcase 2.3.1: Suppose the trace of S is 0. Consider the circuits 

Ci = S{Wi,W2)U A{w2,Wi), 
C2 = S{Ws,W4)U A{w4,Ws), 

C3 = T^USUT2UA{x2,y2), 
C4 = TiUSU5(xi,i/2), 
C5 = SUT2UB{x2,yi). 

We obtain a contradiction by the method in Subcase 1.1.1. 
Subcase 2.3.2: Suppose the trace of S' is 0'. Consider the circuits 

Ci = SUA{xi,yi), 

C2 = TiU S{yi,W3) U A{w3,y2), 

C3 = S{w2,Xi)UT2U A{X2,W2), 

C4 = TiUSUB{xi,y2), 
C, = SUT2UBix2,yi). 

We obtain a contradiction by the method in Subcase 1.1.1. 

Subcase 2.4: The traces of Ti and T2 are empty, a G VS{w2,W3), b G VS{w2,W3), 
a <s b. Note that a = W2 and b = W3. 
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Subcase 2.4- 1- Suppose the trace of S is 0. Consider the circuits 

Ci = S{wi,W2) U A{w2,Wi), 
C2 = S{ws,W4)U A{W4,W3), 
C3 = TiUS{w2,W3)UT2UA{x2,y2), 

C4 = TiU S{w2,Xi)U B{xi,y2), 
= S{yi,W3)UT2UB{x2,yi). 
We obtain a contradiction by the method in Subcase 1.1.1. 

Subcase 2.4-2: Suppose the trace of S is 0'. This case is symmetric to Subcase 2.4.1. 
Subcase 2.5: The traces of Ti and T2 are empty, a G VS{w2,W3), b G VS{w2,W3), 
b <s a. 

Subcase 2.5.1: Suppose the trace of 5* is 0. Then G is isomorphic to 
Subcase 2.5.2: Suppose the trace of 5* is 0'. Consider the circuits 

Ci = SuA{xi,yi), 

C2 = TiUA{a,y2), 

C3 = T2UA{x2,b), 

C4 = TiU S{a,xi) U B{xi,y2), 

C5 = S{yi,b)UT2UB{x2,yi). 

We obtain a contradiction by the method in Subcase 1.1.1. The proof of Theorem ^ is 
now complete. 

6. Non-reduction of Ti and r2 to Ks^s 

We conclude the paper by showing that neither Fi nor r2 is reducible to an even 
subdivision of K^^^. 

Lemma 30. Both Ti and r2 are minimal non-Pfaffian graphs. 
Proof. Let Fi and r2 be oriented as in Figure |l^. 

First we consider Fi, which we have already seen to be non-Pfaffian. Suppose there- 
fore that Fi is not minimal. Let x be an edge such that Fi — {x) is non-Pfaffian. The 
1-f actors of Fi are 



/l 


= { 


>, b), (c, d), (/, e), (/i, g), (j, i), (/, A;)}, 




= { 


;/,a), (6, c), (c/,e), {gj), {i,h), (kj)}, 


h 


= { 


[b, c), (a, d), (/, e), {h, g), (j, i), (/, k)}, 


U 


= { 


>, b), (c, d), {j, e), {g, /), {i, h), (1, k)}, 


h 


= { 


>, d), (&, c), (j, e), {g, /), {i, h), (1, k)}, 


h 


= { 


[I, a), (6, c), {d, e), (^f, /), (fc, h), (j, i)}, 


/r 


= { 


'ha), {b,g), {i,h), {k,j), (c, d), (/, e)}, 


h 


= { 


X a), {b, 9), {k, h), (c, d), (/, e), (j, i)}, 


/9 


= { 


[I J), id,e), (c,z), {k,j), (a, 6), {h,g)}, 


/lO 


= { 


>, d), {b, g), (c, i), (j, e), (A;, h), (/, /)}. 



38 



Observe that the figure for the undirected graph Fi is symmetric about the edge (/, /). 
Therefore we can assume that x ^ fi. All 1-factors are associated with a plus sign 
except /lo- Thus x ^ /lo, for otherwise Fi — {x} is Pfaffian, and therefore x G f2- 

Suppose that x = {d, e) or x = {k,j). We obtain a Pfaffian orientation of Fi — {x} 
if we change the orientation of (/,/), since every 1-factor of G that contains /) also 
contains x except for fiQ. li x — {g, f) or x — {i, h), we obtain a Pfaffian orientation 
of Fi — {x} by changing the orientation of (j, e). If a; = {I, a), we obtain a Pfaffian 
orientation of Fi — {x} by changing the orientation of {b,g). If a; = (6, c), we obtain 
a Pfaffian orientation of Fi — {x} by changing the orientation of {a,d). In all cases 
we have a contradiction to the fact that Fi — {x} was non-Pfaffian. Therefore Fi is 
minimal non-Pfaffian. 

Now suppose that the non-Pfaffian graph F2 is not minimal, and let x be an edge 
such that F2 — {x} is non-Pfaffian. The 1-factors of F2 are 



Observe that there is an automorphism of F2 that interchanges the /i -alternating 
circuits /i -|- /2 and /i -|- fiQ. Therefore we can assume that x & fi + fiQ. The figure 
for the undirected graph F2 is symmetric about the line through the midpoints of the 
edges (a, b) and {g, h). Therefore we can assume that 



If a: e /i then the given orientation is a Pfaffian orientation of F2 — {a;}, since the sign 
of /i is the opposite of that of the other 1-factors. Therefore a; G {(e, /), {d. h), (a. i)}. 
If a; = (e, /), we obtain a Pfaffian orientation of F2 — {x} by changing the orientation of 
(c, d), since every 1-factor that contains (c, d) also contains x except for /i. If a; = {d, h), 
we obtain a Pfaffian orientation of F2 — {x} by changing the orientation of (e, /). If 
X — {a,i), we obtain a Pfaffian orientation of F2 — {x} by changing the orientation 
of {g, h). In all cases we have a contradiction to the fact that F2 — {x} was Pfaffian. 
Therefore F2 is minimal non-Pfaffian. 

Corollary 3. Neither Vi nor F2 contains an even subdivision of K^^^- 

Proof. If Fi or F2 contained an even subdivision of K^,^^ then Fi or F2 itself would be 
an even subdivision of i^^3,3, since Fi and F2 are minimal non-Pfaffian and every even 



/i 

/2 

h 
h 
h 
U 

fs 

h 

fw 



{(a, 6), (c, d), (e,/), {g,h), {k,l)}, 
{(c, b), {e,d), (gj), {i,h), (kj), (a,/)}, 
{(a, 6), (c, j), (e,rf), (gj), {i,h), {k,l)}, 
{{a,b),{c,d),{e,l),{g,f),{t,h),{k,j)}, 
{ic,b),{d,h),{k,g),{a,l),ie,f),iz,j)}, 
{(6,/), {e,d), {c,j), (a,i), {k,l), {g,h)}, 
{{b,f),{a,,:),{k,j),{e,l),{c,d),{g,h)}, 
{{e,d), (bj), {a, I), {k,g), {i,h), (c,j)}, 
{{gJ), {d, h), (c, 6), (a,i), {k,j), (e,/)}, 
{{bj), (e,/), {k,g), {d, h), (aj), {a,i)}. 



xe{f, + f,o)-{{bJ),{k,g),{cJ)}^ 

{(a, b), (c, d), (e, /), (g, h), (ij), (k, I), (e, I), (d, h), (a, i)}. 
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subdivision of 3 is non-Pfaffian. But Fi and r2 both have 12 vertices of degree 3 
whereas an even subdivision of i^'s^a has only 6. □ 
In order to see that Fi and r2 are not reducible to an even subdivision of -^^3,3, we 
need the following two lemmas. 

Lemma 31. Let G be a minimal non-Pfaffian graph and C a circuit of odd length 
in G. Suppose that the graph G'" obtained by contracting VG to a vertex v is also 
non-Pfaffian. Let VG = {vi, t>2, . . . , Vn}- Then 



deg V = deg Vi — 2n. 



i=l 



Moreover if w is a vertex in VG — VG then w is also a vertex of G^ , and 

degc w = degc-c w. 

Proof: Let N{u) denote the set of vertices in G that are adjacent to the vertex u 
in G. Moreover we assume that Vi is adjacent to fj+i in G, for all i < n. We define 
Vq = Vn and Vn+l = Vi. 

First we observe the following. Let i,j G {1,2, ... ,n} and i 7^ j. We claim that 

Indeed, suppose u G N{vi) fl N{vj). Then there are edges Cj and Cj joining u to Vi 
and Vj respectively. If m ^ VG, then the graph obtained from G — {e,;} by contracting 
VG is G*". Since G*" is supposed to be non-Pfafiian, it follows from Lemma that 



G — {ci} is non-Pfaffian too. This is a contradiction to the fact that G was minimal 
non-Pfaffian. Therefore u G VG. If Cj ^ C or cj ^ C we can conclude in a similar way 
that either G — {ci} or G — {cj} is non-Pfaffian, and therefore have a contradiction 
again. Thus {cj, cj} C G, and the claim is proved. We infer that G has no chords, and 
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any vertex not in C has at most one neighbour in C. We have 

n n 

N{v) = U N{v,) -VC = \J{N{v,) - 

1=1 i=l 

and so 

n n n 

degv = \N{v)\ = \N{v^) - {v.^i,v^+i}\ = ^(|iV(t;,)| - 2) = ^degt;, - 2n. 

i=l i=l i=l 

Finally the degree of a vertex w that is not in C does not change upon contraction 
of C, since w is adjacent to at most one vertex in C. □ 

Lemma 32. Let G be a minimal non-Pfaffian graph that is cubic and does not contain 
a circuit of length 3. Then G is not reducible to an even subdivision of K^^. 

Proof Suppose the contrary, that is that there exists a sequence Go,Gi, . . . , Cp_i 
of circuits of odd length and a sequence Go, Gi, . . . ,Gp of graphs such that Go = G, 
Gp is an even subdivision of K^^^ and, for all i < p, Gj+i is obtained from Gi by 
contracting VCi. We see inductively that for all i the graph Gj is minimal non-Pfaffian 
by Lemma since Gp is non-Pfaffian and Go is minimal non-Pfaffian. 

First we show that Gi contains a vertex of degree at least 5. Since Go does not 
contain a circuit of length 3, the circuit Gq must have length at least 5. Let VCq = 
{f 1, V2, ■ ■ ■ ,Vn} and let v be the corresponding vertex in Gi. Then, by Lemma RT], 



deg V = deg Vi — 2n = 3n ~ 2n = n > 5. 

i=l 

Again by Lemma |31| all the other vertices in Gi have degree 3, since Go is cubic. 

Now we show by induction that all the vertices in Gi, where i > 1, are of degree 
at least 3 and that there exists a vertex in Gj with degree at least 5. Therefore let 
us assume that the induction hypothesis is true for Gi and show it for Gj+i. First we 
show that every vertex in Gj+i is of degree at least 3. For all vertices in Gj+i except 



the one that corresponds to Gj this is an immediate consequence of Lemma PTI and 



the induction hypothesis. Let w be the vertex in Gj+i that corresponds to Gj and let 
VCi = {wi, W2, . . . , Wm}- Then, by Lemma and the induction hypothesis, 

m 

deg w = deg Wi — 2m > 3m — 2m = m > 3. 

i=l 

Now let u be the vertex of degree at least 5 in Gj. If m ^ VGi then u G VGi+i and 
degCi+i u = deg(5- u, by Lemma Therefore suppose that u G VCi, and without loss 



of generality assume that u = Wi. Then, by Lemma pll and the induction hypothesis 



deg w = deg u + deg Wi — 2m > deg m -|- 3(m — 1) — 2m = deg m -|- m — 3 > deg u. 

i=2 

Therefore Gp contains a vertex of degree at least 5. This is a contradiction, since Gp 
was an even subdivision of K^^^. □ 



Corollary 4. Neither Ti norT2 is reducible to an even subdivision of K; 



3,3- 
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Proof. This is an immediate consequence of Lemma ^ since both Fi and r2 are 
minimal non-Pfaffian, cubic and do not contain a circuit of length 3. □ 
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